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Abstract 

In this paper, we study the algebraic properties of the higher analogues of Courant algebroid 
structures on the direct sum bundle TM © A"T*M for an m-dimensional manifold. As an 
application, we revisit Nambu-Poisson structures and multisymplectic structures. We prove 
that the graph of an (n+ l)-vector field vr is closed under the higher-order Dorfman bracket iff 
TT is a Nambu-Poisson structure. Consequently, there is an induced Leibniz algebroid structure 
on A"T*M. The graph of an {n + l)-form u is closed under the higher-order Dorfman bracket 
iff w is a premultisymplectic structure of order n, i.e. duj — 0. Furthermore, there is a Lie 
algebroid structure on the admissible bundle A C A"T*M. In particular, for a 2-plectic 
structure, it induces the Lie 2-algebra structure given in ^3^. 

1 Introduction 

The notion of Courant algebroid was introduced in [T^] to study the double of Lie bialgebroids. 
Equivalent definition was given by Roytenberg [19] . In resent years, Courant algebroids have been 
far and wide studied from several aspects and have been found many applications in the theory of 
Manin pairs and moment maps [H [Tl] ; generalized complex structures [TUl ; Loo-algebras and 
symplectic supermanifolds [TP]; gerbes as well as BV algebras and topological field theories. 

Roughly speaking, a Courant algebroid is a vector bundle together with a nondegenerate sym- 
metric pairing, a bracket operation and an anchor map such that some compatible conditions are 
satisfied. The standard Courant algebroid is the direct sum bundle TAI (B T*M. The standard 
Courant bracket is given by 

lX + a,Y + Pi^ [X, Y] + Lx/3 - Lya + ^{dtya ~ dix/3). 
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However, many experts know that on the direct sum bundle TM © A"T*M, there is also a similar 
bracket operation, which we call the higher-order Courant bracket. But the nature of its full 
algebraic structures remains a work in progress. The main purpose of this paper is to study its 
properties. We proved that the Jacobi identity holds up to an exact term. Moreover, we can 
also introduce the Dorfman bracket {•, •} which is not skew-symmetric. It follows that {TM © 
A"T*M, {•, •}, p) is a Leibniz algebroid, where p is the projection to TM. As an application, we 
revisit Nambu-Poisson structures and multisymplectic structures. 

Nambu-Poisson structures were introduced in |25j by Takhtajan in order to find an axiomatic 
formalism for Nambu- mechanics which is a generalization of Hamiltonian mechanics O |3] . The 
local and global structures of a Nambu-Poisson manifold were studied in [TH (THl |T7] . It was further 
studied by Grabowski and Marmo [S]. In (TB], the authors proved that associated to a Nambu- 
Poisson structur({3 of order n, their is a bracket operation on A^T*M such that it is a Leibniz 
algebroid. However, we do not think it is the best bracket that make A"T*M to be a Leibniz 
algebroid. We find that tt is a Nambu-Poisson structure of order n if and only if the graph of tt is 
closed under the higher-order Dorfman bracket operation {•,•}. Consequently, there is an induced 
bracket operation [•, -J^ on A"T*M, 

[a, = i^tt(Q)/3 - L^^i3)a + di^tf^pja, 

such that {A^T*M, [■, -J^, p) is a Leibniz algebroid, where p is the projection to TM. In particular, 
if n = 1, we recover the cotangent bundle Lie algebroid. 

In [5], Baez, Hoffnung and Rogers introduced a hemi-bracket and a semi-bracket on the set of 
Hamiltonian (n — l)-forms associated to a multisymplectic structure of order n, or equivalently, 
an n-plectic structur^. In particular, one can obtain a Lie 2-algebra for a 2-plectic structure. 
Recently, several aspects of the theory have been studied in depth [TSl |2S]- In this paper, we 
introduce a Lie bracket on admissible n-forms. Since admissible n-forms are sections of a vector 
bundle A C A"T*M, we obtain a Lie algebroid. We also show that how one can obtain Baez's 
semi-bracket and hemi-bracket on Hamiltonian {n — l)-forms from our Lie algebroid. The relation 
between n-plectic structures and the Leibniz algebroid {TM © A"T*M, {•, •}, p) is also discussed. 

The paper is organized as follows. In Section 2 we study the algebraic properties of the higher- 
order Courant bracket |-, •] and the higher-order Dorfman bracket {•, •} on the direct sum bundle 
TM © A"r*M. We prove that the Jacobi identity of [[•,•] holds up to an exact term and the 
triple {TM © A"T*M, {•, •}, p) is a Leibniz algebroid. In Section 3 we study the relation between 
Nambu-Poisson structures and the higher-order Dorfman bracket. There is an induced Leibniz 
algebroid structure on A"T*M associated to a Nambu-Poisson structure. In Section 4 we revisit 
multisymplectic structures and construct a Lie algebroid, whose sections are admissible n-forms. 

Acknowledgement: We give warmest thanks to Zhangju Liu and Chenchang Zhu for useful 
discussion. We also thank the referees for very helpful comments. 

2 Higher-order Courant brackets 

In this section, we consider the higher-order Courant brackets on the direct sum bundle 

V ^TM® A''T*M 

and associated properties. There is a natural A"^^T*Af-valued nondegenerate symmetric pairing 
(•, •) on it, 

{X + a,Y + P)^ ^{ixl3 + iya), V X, F e X(M), a, /3 G 1]"(M). (1) 

'^it is an (n -|- 1)- vector field satisfying some integrability conditions 
^it is an (n -|- l)-form which is closed and nondegenerate 
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The higher-order Courant bracket |-, •] on the section space of 7~" is defined as follows, 

IX + a, r + /?! = [X, Y] + Lxli - Lya + ^idiya - dixP). (2) 

Obviously, it is skew-symmetric. When n = 0, we obtain the Lie algebroid TM x M. When n = 1, 
it is exactly the standard Courant bracket [TS1[T3. Let p : T" — > TM be the projection, i.e. 

p{x + a) = x, vx + aer(r"). (3) 

We call (T", (•, •) , |-, •] , p) the higher analogues of Courant algebroids. 

Remark 2.1. In 120}/ . Roytenberg and Weinstein proved that a Courant algebroid gives rise to a 
2-term Loo-algebra. However, as proposed in Section 3.8 in JTUj/, the nature of the full algebraic 
structures for all TM A"T*Af remains a work in progress. For more details about generalized 
complex structures of Courant- Jacobi algebroids, see f2Sfj 

The higher-order Courant bracket satisfies some similar properties as the Courant bracket. 

Theorem 2.2. For any 61,62,63 £ r(r"), / £ C°°(M), £, £ ^l^-^iM), we have 

(i) . I6i, l62, 63]] + c.p. = dT{ei, 62, 63), where T : A^T" — > h'^-^T*M is defined by 

^(61,62,63) = -■^(([61,62! ,63) + c.p). 

(ii) . [6i,/62l =/[6i,62l+p(6i)(/)62-d/A(6i,62). 

(iii) . p [61,62] = [p(6i),p(62)]. 

(iv) . ip(ei)(e2, 63) = ([61, 62I + d(6i, 62), 63) + (62, [61, 63] + d(6i, 63)). 

The properties (i) — {iii) are the same as the ones for Courant algebroids. However, the property 
{iv) is different since the Lie derivation is involved in. 

Remark 2.3. The proof of this theorem needs some computation. In the following, we will intro- 
duce the higher order Dorfman bracket (see ^), which will be used more often since it satisfies 
better properties (Theorem \2.5]) . To avoid repeat, we only give the proof of Theorem \2.5l 

We can also introduce the following higher-order Dorfman bracket, 

{61,62}= l6i,62l+d(6i, 62), V 61,62 Gr(r"). (4) 

When n = 1, it is exactly the Dorfman bracket. Assume that ei = X a, 62 = F + /?, we have 
{X + a,Y + /3}^ [X, Y] + LxP - Lya -f diya. (5) 

It is obvious that 

{X -\- a, X + a\ = d{X + a,X -\- a) = dixa. 
Leibniz algebroids are generalizations of Lie algebroids. 

Definition 2.4. [13j A Leibniz algebroid structure on a vector bundle E — > M is a pair that 
consists of a Leibniz algebra structure {•, •} on the section space T{E) and a vector bundle morphism 
p : E — >■ TM , called the anchor, such that the following relations are satisfied: 

(1) p{X,Y}^[p{X),p{Y)], ^X,YeT{E); 
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(2) {XJY} = f[X,Y]+p{X){f)Y, VfeC^{M). 

If the bracket {•, •} is skew-symmetric, we recover the notion of Lie algebroids. 

The higher-order Dorfman bracket also satisfies similar properties as the usual Dorfman bracket. 

Theorem 2.5. (1). For any 61,63 £ r(r"), / £ C°°{M), we have 

{ei,/e2} = /{ei,62} + p(ei)(/)e2, 

{/ei,62} = /{ei, 62} - p(62)(/)ei + 4f A 2(61,62). 

(2) . The Dorfman bracket {•, •} is a Leibniz bracket, i.e. for any 61,62,63 G r(7'"); 

{ei, {62, 63}} = {{61, 62}, 63} + {62, {61, 63}}. 
Consequently, (T",{-,-},p) is a Leibniz algebroid. 

(3) . The pairing ^ and the higher-order Dorfman bracket is compatible in the following sense, 

Lp{ei) (62, 63) = ({ei, 62}, 63) + (62, {61, 63}) . (6) 

Proof. (1). Write ei = X + a, 62 = F + /?, where X,Y e X{M) and a, /? £ n^{M), then we have 

{X + aJ{Y + P)} = [X,fY]+LxfP~ifYda 

= f[X,Y]+X{f)Y + fLxP + X{f)(3~ fiyda 
= f{X + a,Y + p} + X{f){Y + 

Similarly, we can obtain the expression of {/61, 62} as in the theorem. 

(2). Write 63 = Z-I-7, where Z e X(M) and 7 G ^l^[M), by straightforward computations, we 
have 

{X + a,{Y + I3,Z + 7}} = [X, [Y, Z]] + LxLyl - LxLz/3 + LxdizP - L[Y,z]a + di[Y,z]a, 
{{X + a,Y + l3},Z + j} = [[X,Y],Z]+L[x^Y]7-LzLx!3 + LzLYa-LzdiYa 

+dizLxl3 — dizLya + dizdiYCe, 
{Y + p,{X + a,Z + 7}} = [Y, {X, Z]] + LyLxI - LYLza + Lydiza - L[x,z]l3 + di[x,z]l3- 

Thus we only need to show that 

LxdizP + di]^Y,z]<^ — Lydizce + di\^x,z]P — Lzdiya + dizLxP — dizLyct + dizdiyct, 

which is equivalent to that 

LxdizP = di[x,z]P + dizLx/3, 

di[Y,z]0: = Lydiza-l — Lzdiya — dizLya + dizdiya. 
It is straightforward to see that they follow from the Cartan formula Lx ^ ix ° d + d o ix and 
d o Lx = Lx o d, 

i[x,Y]C^ = ixLya — Lyixo: — —{iyLxoi — Lxiyoi). 

At last, p{X + a,Y + 13}^ [X, Y] is obvious. Therefore, (TM ® A"T*Af, {•, •}, p) is a Leibniz 
algebroid. 
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(3). With the same notations as above, the left hand side of ^ is equal to 

The right hand side is equal to 

^(«[x,Y]7 + izLxP + lyLxl + i[x,z]P)- 

The conclusion follows from 

i[x,Y\ — Lxiy - iyLx- 

This finishes the proof. ■ 

Remark 2.6. Recently several generalized Courant algebroid structures are introduced such as E- 
Courant algebroids and Loday algebroids '231. E- Courant algebroids were introduced to unify 
Courant- Jacobi algebroids and omni-Lie algebroids /0. In an E- Courant algebroid, the pairing 
takes value in a vector bundle E and the target of the anchor is the covariant differential operator 
bundle DE. Since the pairing in T" is A"--^T* M -valued, we expect it to be a K^~^T* M -Courant 
algebroid. Unfortunately this is not true since the composition of the Lie derivation and p is not a 
bundle map. In a Loday algebroid, the compatibility condition between the pairing and the bracket 
is removed. Since the pairing in T" takes value in A"'~^T* M , it fails to be a Loday algebroid. It 
is a future work to pursue the geometry behind this higher- order bracket. 

The standard Courant bracket can be deformed by a closed 3- form 21\ . Similarly, consider the 
following deformed Dorfman bracket of order n by an {n + 2)-form 0, 

{X + a,Y + /3}e = [X, Y] + LxP - Lya + diya + ix^yQ- (7) 

Similar as the classical case, we have 

Proposition 2.7. The deformed bracket {•, - je satisfies the Leibniz rule iff Q is closed. 
For any $ e f]"+i(M), define e* : T" — > T" by 

e*(X + a) ^ X + a + ix<^. 

It is straightforward to obtain 

Proposition 2.8. For any X + a, F + /3 G r(7~"), we have 

e*{X + a, r + = {e*(X + a), e*(r + /?)}. 

Consequently, e* is an isomorphism from the Leibniz algebroid (T", {■, - jd^iP) to the Leibniz alge- 
broid (r",{-,-},p). 

Furthermore, it is obvious that for any differeomorphism / G Diff(M), (/*,/* "'^) : 7~" — > T" 
is an automorphism preserving the higher-order Dorfman bracket {•, •}. By Proposition 12.81 if an 
(n + l)-form $ is closed, e* is also an automorphism preserving the higher-order Dorfman bracket 
{•, •}. Similar as the classical case, we have 

Theorem 2.9. The group of orthogonal automorphisms ofT"' preserving the higher-order Dorfman 
bracket{-,-} is the semidirect product of DiS(M) and 17""*"^ (M), where fl^^^ (M) is the set of closed 
(n -\- V) -forms. 



5 



We omit the proof which is similar as the proof of Proposition 3.24 in [TU]. 

In the classical case, Dirac structures of the Courant algebroid TM (BT* M unify both presym- 
plectic structures and Poisson structures. More precisely, the graph of a 2-form u) e ri^(M) is a 
Dirac structure iff w is closed and the graph of a 2- vector field tt G X^(Af) is a Dirac structure iff tt 
is a Poisson structure. Here a Dirac structure means a maximal isotropic subbundle whose section 
space is closed under the Courant bracket. See [8J for more details. 

In the higher-order case, similarly we have that the graph of an [n + l)-form is closed under 
the higher-order Courant bracket iff a; is a premultisymplectic structure, i.e. dw = 0. The graph 
of an (n -|- l)-vector field is closed under the higher-order Courant bracket iff tt is a Nambu- 
Poisson structure. However, the graph of an in + l)-vector field is not isotropic, thus we can 
not talk about Dirac structures. In [llj . the author introduced Nambu Dirac structures to unify 
both the structures. In the following two sections, we will study Nambu-Poisson structures and 
multisymplectic structures respectively. 

3 Nambu-Poisson structures 

A Poisson structure on an m-dimensional smooth manifold M is a bilinear skew-symmetric map 
{•,•} : C°°(M) X C°°(Af) — > C°°{M) such that the Leibniz rule and the Jacobi identity are 
satisfied. It is well known that it is equivalent to a bivector field tt e A^X(Af) such that [tt,7t] ~ 0. 
The relation is given by {/, g} — TT{df, dg). We usually denote a Poisson manifold by {M, tt). For 
any a £ X"+^{M)) and d e n"+^{M)), cr« : A"T*M — > TM and 0^ : TM — > A"T*M are given 

by 

Denote by C TM ® A"r*Af (resp. ©e) the graph of cr« (resp. 0^). 

For a Poisson manifold (Af, tt), there is a skew-symmetric bracket operation [•, -jj^ on 1-forms 
which is given by 

[a,/3]^ =i^tt(a)/3"i^tt(^)a + dv«(^)a, V a, /? G f7^(Af). (8) 

It follows that {T*M, [•, •JttjTI''*) is a Lie algebroid. Also we have [d/, dgj^r — d{f,g}. 

Definition 3.1. 25J A Nambu-Poisson structure of order n on M is an {n + l)-linear map 
{■,■■■ , •} : C°°{M) X • • • X C°°(Af) — > C°°{M) satisfying the following properties: 

(1) skew symmetry, i.e. 

{/li • • • , /ii+l} = (^1)''^'{/(t(1): • • • I /(t(ti+1)}, 

for all fi,-- ■ , fn+i e C°°{M) and a e Symm(n + 1); 

(2) the Leibniz rule, i.e. for any g G C°°(Af), we have 

{fi9, ■■■ , /ri+i} = fi{g, ■■■ , fn+i} + g{fi, • • • , fn+i}; 

(3) integrability condition: 

n+l 

{fi,--- ,9n+i}} = ^{gi,--- ,fn,gi},--- 

2=1 
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In particular, a Nambu-Poisson structure of order 1 is exactly a usual Poisson structure. Similar 
as the fact that a Poisson structure is determined by a bivector field, a Nambu-Poisson structure 
of order n is determined by an {n + l)-vector field tt G X""'"^(M) such that 

{fi, ■■■ , fn+l} 7r(d/i, • • • , dfn+i). 

An {n + l)-vector field tt G X"+^(M) is a Nambu-Poisson structure if and only if for /i, • • • , /„ G 
C°°(M), we have 

Lemma 3.2. Let tt G X"^^(A^) be a Nambu-Poisson structure, the following two statements are 
equivalent: 

(i) The graph o/ tt' is closed under the higher-order Courant bracket operation 

(ii) The graph o/ tt" is closed under the higher-order Dorfman bracket operation 
Proof. By (U), we only need to prove that 

7r*(c^(v«(a)/3 + i^t(p)a)) = 7r"(L„,(„)/3 - + L^m^^a - i^^p^da) = 0, 

for any a,/? G il"(M). The conclusion follows from the following two formulas: 

= [7^«(a),^«(/3)] + (-l^(^da7r)^«(/3); 
7r«(i.«(a)rf/3) = (-l)"(zd0^)^«(a)- 
The proof is finished. ■ 

Theorem 3.3. Let tt be an {n-\rl) -vector field, the graph 0^ C T" «s closed under the higher-order 
Dorfman bracket {•,•} iff t: is a Nambu-Poisson structure. 

Proof. We have 

{■K^a) -{-a,Tr'^{l3) -f /?} = [7r'(a), 7r'(/3)] - ijrtt(/J)" + rf*7r«(,3)Q:- 

Thus the graph is closed iff 

[7r'*(a),7r'*(/3)] 7r''(L^,(„)/3 - L^it(^)a -f dv,(^)a) 

On the other hand, we have 

[J{a),Jm = L^,(„)(/3,7r) 

= (-^7rlt(Q)/3, T^) + -^7r«(a)7I')- 

Therefore, by the equality 

'^'^{L„«(a)(3 -■i'7rm3)da) = [J{a),J{(3)], 

we have 

(L^it(c)7r, /3) = -7r'(i^it(^)da). 
Let a = dfi A • ■ • A then da = 0. Thus for any n-form /3, we have 

(-^7rtl(d/iA---A<i/„)7ri/3) = 0, 
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which impHes that 

-^7r«(d/iA---Ad/„)''' = 0, 

i.e. TT is a Nambu-Poisson structure of order n. 

Conversely, if tt is a Nambu-Poisson structure of order n, by the local expression of vr [121 US HZ] > 
at any point x £ M satisfying Tr{x) ^ 0, we can choose a local coordinates (xi, • ■ • , Xn+i, ■ ■ ■ , Xm) 
around x such that 

d d 

TT = - — A • • • A 



dxi dxn+i 

Then it is not hard to see that the graph is closed under the higher-order Dorfman bracket. ■ 
Corollary 3.4. Let tt be a Nambu-Poisson structure of order n. 

(1) . The graph C T" is a sub-Leibniz algebroid of the Leibniz algebroid (T", {•,•}, p). 

(2) . There is an induced bracket operation [■, on Cl"{M), 

[a, 13]^ = L^i(^^)(3 - L^t(p)a + di^^p^a, (9) 

which is a natural generalization of the bracket given by Consequently, (A"r*M, [•, -j^, tt") 
is a Leibniz algebroid. 

In the following, we prove that there is also a Leibniz algebra (fi"~-'^(M), {•, - j^) associated to 
any Nambu-Poisson structure tt of order n. 
For any ^,ri £ f2"^^(Af), we have 

[d^,dr]]^ Lyrid^dr] = dL^^^oV- 

Define the bilinear bracket {•, -Itt on f7"^^(Af) by 

{^,V}7, = L^^doV- (10) 

Obviously we have 

(11) 

Theorem 3.5. Let tt be a Nambu-Poisson structure of order n. Then (r2"^^(A/), {•, -Itt) is a 
Leibniz algebra. In particular, ifn—1, (C°°(M), {■, -Itt) is the canonical Poisson algebra. 

Proof. First by (fTTj) . we have 

The fact that {A"-T*M, [•, -Itt, tt'*) is a Leibniz algebroid yields that 

7r«dL,,(rf5)ry=[^«(t^e),^"(rf^)]- 

Thus we have 

{£., {v, ■y}A7T - {{C, ?y}7r, tItt - {v{t tI^tItt 

= -^7rtt(£iO-^'r«(d)))7 - -^Tr«(£iL^,(^^jr,)7 " -^Tr* (d))) (d?)''' 

= 0, 

which implies that (ri"^^(A/), {•, -Itt) is a Leibniz algebra. The other conclusion is obvious and 
the proof is completed. ■ 
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Remark 3.6. In fWf . the authors introduced a bracket operation [■,-]'^ : ri"(Af) x r2"(A/) — > 
n"(M) associated with a Nambu-Poisson structure n of order n by setting 

[a,l3V - i.«(a)/3 + (-l)"+^(*rfa^)/3. (12) 
This bracket is not skew-symmetric. However, the Leibniz rule is satisfied, i.e. 

Furthermore, we have 

TT^[a,pr = M(a),7r«(/3)]. 

It follows that (A"r*M, [•, •]'^, tt") is a Leibniz algebroid. 

It is obvious that the bracket [•, -Jir given by ^ and the bracket ■]'^ given by (|12p are not the 
same even though both of them define Leibniz algebroid structures on A"T*M. By the equalities 

J[a,pr = [7r«(a),7r«(/3)] 7r»[a,/3]^ = [7r»(a), 7r»(/3)], 

we have 

7r«([a,/3].- [a, 0. 

However, we believe that our bracket ^ is much more reasonable since it is induced from the 
higher-order Courant bracket (0) and it is also a generalization of ([S]). 

4 Multisymplectic structures 

Definition 4.1. An (n+l)-form oj on a smooth manifold M is a multisymplectic structure of order 
n, or an n-plectic structure if it is closed (duj = Q) and nondegenerate: 

ixio X = 0, VXe TrnM, m e M. 

If Lo is an n-plectic structure on M, we call the pair {M,uj) an n-plectic manifold. 

Remove the nondegenerate condition, we get premultisymplectic structures. About more details 
about multisymplectic structures, please see [3] and the references there. 

Theorem 4.2. Let uj be an {n + l)-form, the graph is a maximal isotropic subbundle of . 
Furthermore, it is closed under the higher-order Dorfman bracket ^ iff ui is closed. 

Proof. For any n-plectic structure lu, we have 

{X + ujti^),Y + wtt(y)) = ^{iyixi^ + ixiyuj) = 0. 

which implies that <8^ C TM © A"T*M is isotropic. 
On the other hand, since uj is closed, we have 

i[x,Y]W = Lxiy^ — iydix^, (13) 

which yields that &^ is closed under the bracket operation {•,•}. ■ 

Consider the deformed bracket ([7]), we have 

Proposition 4.3. For an (n+ l)-form uj, its graph C 7"" is closed under the deformed bracket 
([7]) if and only if 

+ e = 0. 
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Proof. It is straightforward to see that the graph of u is closed under the deformed bracket 
operation {■, -je is equivalent to that 

yjw — Lxiy^ — iydix^ + Y)- 

On the other hand, we have 

i]^x,Y]^ — Lxiy^ — iyLxt^ ~ Lxiy^ — iyixdoj — iydix^- 

Thus, the graph of uj is closed under the deformed bracket ([7]) if and only if 

iyixiduj + Q) = VX,reX(Af), 

which is equivalent to that dijj + 8 = 0. ■ 

By Proposition 12.81 we have 

Corollary 4.4. // there is an {n + I) -form uj such that its graph 25 C 7~" is closed under the 
deformed bracket ([7]), then e^'^ is an isomorphism from the Leibniz algebroid (?"", {•, -jeiP) to the 
Leibniz algebroid (7~", {•, •}, p) 

For an n-plectic manifold (M, w), an {n — l)-form ^ e f2"~^(M) is Hamiltonian if there is a 
vector field such that 

= ix.Lo. (14) 

We say is the Hamiltonian vector field corresponding to ^. The set of Hamiltonian {n — l)-forms 
and the set of Hamiltonian vector fields on (M, w) are denoted as Ham(M) and Xh{M). 

In [3] , Baez and Rogers generalize the Poisson bracket of functions in symplectic geometry to a 
bracket of Hamiltonian (n — l)-forms in two ways. One is the so called hemi-bracket {•, ■}fi defined 
as follows: 

{^,r,}h = Lx,V, e,^eHam(M). (15) 
The other one is the so called semi-bracket {•, -js defined as follows: 

{£.,v}s = ix^ix^^- 

However, both of them are not Lie brackets. In particular, for 2-plectic structures, the author 
obtained hemistrict Lie 2-algebras and semistrict Lie 2-algebras. 

Lie 2-algebras are categorification of Lie algebras. The Jacobi identity is replaced by a nat- 
ural isomorphism, called the Jacobiator, which also satisfies a certain law of its own. A good 
introduction for this subject is 2 . 

Remark 4.5. Note that by (|14|) . usually f^ is not a Hamiltonian [n — l)-form even if ^ is a 
Hamiltonian (n — l)-form. Thus, Ham(M) is not the section space of a vector bundle. 

In symplectic geometry and Poisson geometry, except the Poisson bracket of functions, one can 
also define a bracket on 1-forms and obtain the cotangent bundle Lie algebroid. In the following, 
we generalize this idea to the case of n-plectic geometry. For an n-plectic manifold (M, w), not 
all the (n — l)-forms are Hamiltonian {n — l)-forms. So there is no way to expect that we can 
introduce a bracket on all the n-forms such that A"T*M is a Lie algebroid. However, this can be 
done for a subbundle of A"T*M. 

Definition 4.6. Let {M,uj) be an n-plectic manifold, a G f2"(A/) is called an admissible n-form 
if there is a vector field G X(M) such that a = ix^'^- 
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It is straightforward to see that ^ is a Hamiltonian {n — l)-form iff is an admissible n-form. 
Obviously, if a is an admissible n-form, then fa is also an admissible n-form since we have 

fa = = 

Therefore, the set of admissible n-forms is the section space of a subvector bundle of A"T*M, 
which we call the admissible bundle and denote by A. Since uj is nondegenerate, we obtain a 
bundle map uj^ : A — > TM by 

uj\a) ae r{A). (16) 

Define a skew-symmetric bracket operation [•, on r{A) by setting 

[a,l3]u, = Lx^l3 - Lxf,a- dixjxfii^- (17) 

It is not hard to deduce that 

Lemma 4.7. With the above notations, for any admissible n-forms a, 13, their bracket [a,l3\u is 
again an admissible n-form. Moreover, we have 

Thus, the bracket (|17|) is well defined. 

Theorem 4.8. With the above notations, {A, [•, •]i^,cl''') is a Lie algebroid with the anchor uj^, where 
and ui^ are given by (|17p and (jl6p respectively. 

Proof. By Lemma [4.71 we have 

[[a,l3]u,,l]u, + c.p. = «[[x„,x^j],x^]+c.p.w 0, 
which implies that [•, is a Lie bracket. Furthermore, for any / e C°°(M), we have 

[a, fl3\ui = i[x^.jxp]^ = fi[x^.Xp]^ + ^a(/)ijf^w 
= /[a,/3]„+X„(/)/3 
= f[a,p]^+Lo\a){f)P, 

which implies that {A, [•, •]„,a;'') is a Lie algebroid. ■ 

Remark 4.9. When n — 1, A is exactly the cotangent bundle T*M and we recover the cotangent 
bundle Lie algebroid. 

In the following, we consider the bracket of exact admissible n-forms. We will see how we 
obtain the hemi-bracket (|15p on Ham(M) from our Lie algebroid [A, [■, -Jt^, w"). 

Let a = d^, /3 = drj he two exact admissible n-forms, where ^,77 are (n — l)-forms. Then we 
have 

[a,l3]u; = [d^,dr]]u, = Lx^^drj = dLx^^V- (18) 

Thus, [d^,dri]^ is again an exact admissible n-form. In this case we simply denote Xd^ by X^. It 
is also the same as the Hamiltonian vector field of the Hamiltonian (n — l)-form ^. By p8p . there 
is an induced bracket {•, -jcj of Hamiltonian (n — l)-forms by setting 

{^,v}u, = LxfV- 

This is exactly the hemi-bracket of Hamiltonian (n — l)-forms. Obviously, we have 
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However, even though the bracket operation [■,-]uj is skew-symmetric, {-j-jw may be not skew- 
symmetric. The obstruction is given by an exact term, see [31 for more details. In particular, for 
2-plectic structures, we obtain a hemistrict Lie 2-algebra of which the degree-0 part is Ham(M) 
and the degree-1 part is C°°(M). 

Remark 4.10. Rogers proved that one can associate a Lie n-algebra to an n-plectic structures il8\j . 
It will be interesting to study whether one can associate Loc-algebras to Nambu-Poisson structures. 
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